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Abstract. We give an estimate of type sup X inf on Riemannian manifold of Dimension 3 for 
prescribed curvature equation. 

INTRODUCTION AND RESULTS. 

r^ . We are on Riemannian manifold (Af , g) of dimension 3 not necessary compact. In this paper 

^D ' we denote A = — V^(Vj) the geometric laplacian. 

The scalar curvature equation is: 



^ 






s 



8Au + Rgu = Vu^-\ u>0. {E) 
Where Rg is the scalar curvature and y is a function (prescribed scalar curvature). 



< 

^N ' We consider three positive real number a, bA and we suppose V lipschitzian: 

PLh ; < a < y(a::) < 6< +00 and ||Vy||io.(M) < ^- (C) 

The equation (E) was studied lot of when AI = ft C M" or M = §„ see for example, [B], 
[CLl], [LI]. In this case we have a sup x inf inequality. 



^ ' The corresponding equation in two dimensions on open set fJ of M^, is; 

Au = Fe", (E') 

The equation {E') was studed lot of and we can find very important result about a priori 

> ; estimates in [BM], [BLS], [CL2], [L2], and [S]. 

In the case V = 1 and M compact, the equation (E) is Yamabe equation. It was studed lot 

ly-s . of, TAubin and R.Schoen have proved the existence of solution in this cas, see for example [Au] 

Tt ■ and [L-P]. 

O' 

VO ■ When M is a compact Riemannian manifold, it exist some compactness result for equation 

^P I (E) see [L-Zh]. Li and Zhu [L-Zh], proved that the energy is bounded and if we suppose M not 

(~| i diffeormorfic to the three sphere, the solutions are uniformly bounded. To have this result they 

use the positive mass theorem. 



Now, if we suppose M Riemannian manifold (not necessarily compact) and F = 1, Li and 



^ I Zhang [L-Z] proved that the product sup x inf is bounded. 

^^ ' Here, we give an equahty of type sup x inf for the equation (E) with general conditions (C). 

H ' We have: 

Theorem. For all compact set K of M and all positive numbers a,b,A, it exists a positive 
constant c, which depends only on, K,a,b,A,M,g such that: 

(supu)^/'' X inf u < c, 
K M 

for all u solution of (E) with conditions (C). 

Note that in our work, we have not assumption on energy or boundary condition if we suppose 
the manifold M with boundary. 

Next, in the proof of the previous theorem, we can replace the scalar curvature by any smooth 
function /, but here we do the proof with Rg the scalar curvature. 



Proof of the theorem. 

Part I: The metric and the laplacian in polar coordinates. 

Let (M , g) a Riemannian manifold. We note g^.ij the local expression of the metric g in the 
exponential map centred in x. 

We are concerning by the polar coordinates expression of the metric. By using Gauss lemma, 
we can write: 

g = ds^ = dt^ + g'[j{r, 9)de^d0^ = dt^ + r^g'^^ir, 9)d0'd9' = g,^,,jdx^dx\ 

in a polar chart with origin x", ]0, eQlxU'^, with {U^ , V) ^ chart of S„_i. We can write the 
element volume: 

dVg ^ r"-i ^J\^\drd9^ . . . d9''-^ ^ ^[det{g^,,j)]dx^ ...dx", 
then, 

dVg == r''-^^J[det{g^,^j)][cxp^{r9)]a''{9)drd9^ . . . d9''-\ 

where, a'^ is such that, dcrs„_j — a''{9)d9^ . . . d9^''^^ . (Riemannian volume element of the la 
sphere in the chart {U'^,tp) ). 

Then, 

^\=a'^{9)^[detig,^,,)], 
Clearly, we have the following proposition: 

Proposition 1: Let xq e M, there exist ei > and if we reduce U'', we have: 

\drg'[^{x,r,9)\ + \drde^g'^j{x,r,9)\ < Cr, V x e B(xo,ei) V r e [0,ei], V G C/^ 
and, 

\dr\g''\{x,r,9)\ + drde'^\g''\{x,r,9) < Cr, V a; G B(.to, ei) V r G [0, ei], y9eU''. 
Remark: 



dr[log y'lg'^W is a local function of 9, and the restriction of the global function on the sphere 

§„_i, a^pog y/det{g~)]. We will note, J{x, r, 9) = ^/det{gZij)- 

Let's write the laplacian in [0, ei] x U'', 

_A = 9„ + ^^^dr + a, [log Jm\dr + —^dg.if''' ^^9^.). 

r V r^^/\g''\ ^ 

We have, 

_A = a,, + ^^^dr + drlogJix,r,9)dr + —^de.i~g'''''J\f\dg,). 
We write the laplacian ( radial and angular decomposition), 

Tl — 1 

^A = drr H dr + dr[log J{x, r, 9)]dr — A5^(^), 

where As^(x) is the laplacian on the sphere Sr{x). 

We set L0{x,r)(...) — r^A5^(2,)(...)[expj.(r0)], clearly, this operator is a laplacian on §„-i 
for particular metric. We write, 

Lg{x,r) = Ag^,,,,^_^, 
and. 



n - 1 1 

A = drr -\ dr + dr[J {x , r , 6)]dr -L0{x,r). 

If, u is function on M, then, u(r, 9) = Mocxp^(r^) is the corresponding function in polar 
coordinates centred in x. We have, 

_ n - I _ _1 
— Au = 9rrU H drU + 9r[J(a;, r, 6)]drU -Lg{x, r)u. 

Part II: "Blow-up" and "Moving-plane" methods 
The "blow-up" technic 

Let, {ui)i a sequence of functions on M such that, 

Am^ + RgU^ = 14^t^^ Uj > 0, {E') 

We argue by contradiction and we suppose that sup^^'^ x inf is not bounded. 
We assume that: 

V c, i? > 3 Uc,R solution of {E') such that: 

R[ sup Mc.fl]^^^ X infuc,_R > c, [H) 

B(xo,R) ^ 

Proposition 2: 

There exist a sequence of points {yi)i, yi -^ xo and two sequences of positive real number 

Mioexp [y) 

(li)i, {Li)i, li -^ 0, Li ^f +00, such that if we consider Vi(y) = —^ , we have: 

UilVi) 

< ^'^(y) < A < 2^/2, A ^ 1. 

/ ;^ xi/2 
Ui(y) -^ ■ — — I , uniformly on every compact set of M . 

Vi + bl / 

iy^[ui{yi)]^/^ X inf Ui ^ +oo 

Proof: 

We use the hypothesis (H), we can take two sequences Ri > 0, Ri ^ and q ^ +oo, such 
that, 

Ri[ sup ] ' Ui X inf Mi > Ci ^ +oo, 

Let, Xi € B{xo, Ri), such that sup^/^. ^.-i Ui — Ui{xi) andsi(x) — [Ri—d{x^ Xi)]^'^Ui(x), x E 
B{xi, Ri). Then, Xi -^ xq. 



We have. 



max Si{x) = Si{yi) > Si{xi) = Ri^^'^Ui{xi) > ^/c^ ^ +oo. 

B(xi,Ri) 



Set: 

Wioexp (z/luiiyi)]"' 



li = R^- d{yi,Xi), u^{y) = Uioexp (y), Vi{z) 



Clearly, j/i — > xq. We obtain: 

^»- (c^)l/2i"''^y»''J - 172— -^72- ^i ^+00. 



If \z\ < Li, then y = eyi^y.[z/[ui{yi)Y] e B{yi,Sili) with Si = -ryr/2 ^"'^ ^iv^Vi) < 
Ri — d(yi, Xi), thus, d{y, Xi) < Ri and, Si{y) < Si{yi), we can write, 

u,{y)[R, - diy,y,)]'/^ < u,{y,){ky/^. 
But, d{y, yi) < Sik, Ri > k and Ri - d{y, yi) > i?j - Sik > k- Sik = k{l- 6i), we obtain. 



We set, [3i = 



1 



The function f , is solution of 



< v,{z) = -^ < 
UiiVi) 

clearly Pi ^ 1. 



h 



-,1/2 



hil - 5,) 



< 2i/2. 



1/2 



Jk\ 



Rgie^PyAy)] 



[(i^PyAy)]^:ikV^ - dk [g^ V\g\\ [cicpy^{y)]djV, + "' 



Vi = ViVi , 



By elleptic estimates and Ascoli, Ladyzenskaya theorems, (vi)i converge uniformely on each 
compact to the function v solution on M"^ of, 

Av = V{xo)v^, v{0) = 1, < t; < 1 < 2^/^ 
Without loss of generality, we can suppose V{xo) = 3. 

By using maximum principle, we have v > on M"^, the result of Caffarelli-Gidas-Spruck ( 



see [C-G-S]) give, v{y) 



1 



l + lyP 



1/2 



We have the same propreties for Vi in the previous 



paper [B2]. 

Polar coordinates and "moving-plane" method 

Let, 

w^{t,e) ^e^/'^Ui{e\e) =e*/2M,oexpj^^(e*6'), et a{yi,t,e) ==logJ(y,,e* 
Lemma 1: 

The function Wi is solution of: 

-dttWi - dtadtWi - Lg{yi,e*) + cwi = F^wf , 



with. 



Proof: 

We write: 



c^c{y,,t,e)= ( -j +-dta-\e^\ 



dtWi = e'^/'^dru^ + -Wi, dttWi = e'^*/2 



the lemma is proved. 

B h 
Now we have, dta — , biiyi, t, 6) — J(yi, e*, 6) > 0, 

Ol 

We can write. 



dta = e*dr log J{yi, e*, 9), dtadtWi = e^*/^ [dr log JdrUi] + -dtawi. 



^^dttiVhw,) - Lgiy„e')w, + [c{t) + b^ ^/X{t,e)]w, = V,w,''-\ 

4 



where, 62(^,0) = du{^i) = 7r4=5«&i - ,,\^,, {dM?- 



Let, 



Lemma 2: 



2^6^ " ' 4(6i)3/2' 



Wi = V^iWi 



The function Wi is solution of: 

- — 1/9 

-i9ttWi + Ag ^j (wi) + 2Ve(wi)-'^elog(v^i) + (c + &i 62 - C2)wi = 



where, C2 = [^A ^, (V^T) + |Ve \og{^^)\% 

Proof: 



We have: 



-dttWi - \/h^g , t Wi + {c+ b2)Wi = Vi 



bi 



wl 



But, 



^9„-et.. (yblw^) ^ \/hAg ^ w^-2Vew^.V0^/bl+w^Ag ^^^ iVh), 



and. 



Ve(V&iWi) = WiV0\/h + \/biVeWi, 



we deduce. 



^i^3„. ,t, w,^ Ag (w,) + 2Ve(wj).Ve log(V6^) - caw^, 



1 



with C2 = [^^A„ J (aAi) + |Ve log(V6i)P]- The lemma is proved. 

The "moving-plane" method: 

Let S,i a real number, and suppose S,i < i, we set i^' = 2^^ — i and w|' (i, 6') = w)i (i^' , 0). 
We have. 



-•'(if) "'•'■- 

By using the same arguments than in [B], we have: 

Proposition 3: 

We have: 

1) W^{X^,e) - W,{X, +4,0)>k>O, V 61 e §2- 

For all /3 > 0, there exist c^ > such than: 

2) J-e*/2 < w^(Ai +t,9)< c«e*/2, V t < /?, V 61 e §2- 

C/3 

We set. 



1/2, 



Z^ = -a„(...) + A ^, ^ (...) + 2V9(...).V0 log(V6i) + (c + 6p^^&2 - C2)(...) 

~ —1/2 

Remark: In the opertor Zi, by using the proposition 3, the coeficient c + 6j^ &2 ^ C2 verify: 

c + fe^^/^fe2 - C2 > fc' > 0, pour t « 0, 
it is fundamental if we want to apply Hopf maximum principle. 

Goal: 



Like in [B], we have elliptic second order operator, here it's Zi, the goal is to use the "moving- 
plane" method to have a contradiction. For this, we must have: 



We write: 



Zi{wf' — Wi) < 0, if wf' ~ Wi < 0. 

+2(V^_^,5. " Ve.eO(wf ).V^^^,,, log(V^) + 2Ve,e'(wf )-V,^,.«. [log(\Af) - \og^fh[\ + 
+2Ve,e'«;f .(V„ ,5, - V(,,e*) log \fh[-\{c + hl^l^^ - C2)«* - (c + 6-'/'62 - C2)]4' + 



Clearly, we have: 
Lemma 3 : 



-y/Wi-j (4')5-l/,(^l) ri;,^ (***!) 



6i(y,, t, 61) = 1 - -Ricciy^{9, 9)e^' + ..., 



Rgie'e) ^ Rg{y^)+ < Vi?g(y,)l^ > e* 
According to proposition 1 and lemma 3, 



Propostion 4 



Z^i4' - m) < V,h^-^[{4')' - wf] + 2(wff\V^^ - V.\ + 



+C\e'^-e'^-\ \\^ewf\ + |V^(u.f )| + \RiccZyMwf + [wff] + \Rg{y^^\wf\+CY'^e''\ 
Proof: 



We use proposition 1, we have: 



a{y„t,0)=\ogJ{y,,e\e)^\ogW,\dMt)\ + \dtMt)\ + \dtta{t)\<Ce'\ 



and. 



then. 



\deM + \de,,eM+dt.0M\ + \dt.e,.eM < Ce' 



|9t6i(i«0 - dMt)\ < C'\e^' ~ e2*''|, sur ] - oo,logei] x §2,V x e B{xo,ei) 
Locally, 



A 






Thus, in [0, ei] x U'', we have, 



then, Ai = Bi + Di with 



\r\ 



-\ii 



^de.{/'\lmde,) 



nii- 



im 



B, 



f'>\e''\e)~f'^'{e\e) do.o.wfit,0) 



and. 



D, 



1 



we deduce. 



r~e'e^/ t« 



de.[g''''{e''\0)Jmie''\e)] 



1 



m{e\0) 



de.[9''\e\e)Jm{e\9)] 



A<Ck\e^'~e^ 



\Vowh + \^U4')\ 



If we take C = max{Ci, I < i < q} and if w use (* * *1), we obtain proposition 4. 
We have. 



c{vt,t,e) 






b,it, 9) = duiVbl) = ^^9uh - -^^±^idtb,y, (a^) 



C2 - [^A ^, „ 



{Vh) + \VglogiVh)\% (as) 



Then, 



de.writ,e), 



dtc{y„t, 9) = -dtta + 2e^'Rg{e'9) + e^* < VRg{e'9)\9 >, 



by proposition 1, 



\dtC2\ + \dtbi\ + \dth\ + \dtc\<Kie^\ 



Now, we consider the function, 'Wi{t, 9) = Wi{t, 9) — 



'^^{yi)Y'^ X minM' 



-e*, and A > 2 > 



For t <ti ^ —(2/3) \ogUi{yi), we have: 



w^{t,9) =.e* 



\ u n\ -t/2 I tn\ {^ihii)?'^^ X miriM "i 

bi{t,9)e ' UiO exp [e 9) - - — -^-^ 



> 



. t MVi)]^^^ X minMM» „ 



We set, /ii = 



[uiiVi)]^^^ X miiiM Ui 



We use proposition 3 and the same arguments than in [B], we obtain: 

Lemma 4: 

There exists z/ < such that for ii <v : 

wt{t, 9) ~ w,{t, e) < 0, V (i, 9) e [^I, U] X §2, 
We set, Ai ~ — 21ogUi(j/i), then. 

Lemma 5: 



Wi{Xi,9)^Wi{Xi+4:,9) >0. 

7 



Proof of lemma 5: 

Clearly: 

w^(Ai, d) - m{X, +4,9)^ w^{\,e) - Wi{Xi + A,d)+ fi.ie"^ - 1), 
we deduce lemma 6 from proposition 3. 

Let, C. = supJAi < A, + 2, wf (i, 6) ~ w,{t, 61) < 0, V (t, B) e [^„ t,] x §2}. 
The real ^^ exists (see [B]), if we use (* * *2), we have: 

wf(t,0) + |V0wf(t,0)| + |V^iIif(i,0)| <C(i?), V(t,0)e]-oo,logii'] x§2, 
We can write: 

-Z,(e2*^' - e^*) = [1 - i - ^a,a - R,e^' + fe^^/'fe^ - c^Ke^*^' - e^*) < ci(e*'* - e*), 

with ci > 0, car \dta\ + |9t6i| + \dtM + |at,e,6i| + |5t,e,.,e,&i| < C'e^* < 1, for t very 
small. 

We use proposition 4, to obtain on, [^i, ti] x S2, 

Like in [B], after using Hopf maximum principle, we have, 

eGS2 
We have: 



We deduce. 
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